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Starting from a theoretical representation of the electroweak component of four-fermion 

neutral current processes that uses as theoretical input the experimental measurements 

at the Z peak, we consider the asymptotic high energy behaviour in the Standard Model 

at one loop of those gauge-invariant combinations of self-energies, vertices and boxes that 

contribute all the different observables. We find that the logarithmic contribution due to 

the renormalization group running of the various couplings is numerically overwhelmed by 

single and double logarithmic terms of purely electroweak (Sudakov-type) origin, whose 

separate relative effects grow with energy, reaching the 10 % size at about one TeV. We 

then propose a simple "effective" parametrization that aims at describing the various 

observables in the TeV region, and discuss its validity both beyond and below 1 TeV, 

in particular in the expected energy range of future linear electron-positron (LC) and 

muon-muon colliders. 



1 Introduction 

The construction of future lepton-antilepton {l + l~) colliders in energy ranges varying 
from a few hundreds of GeV (LC) to a few TeV (muon collider) is being thoroughly 
investigated at the moment |E|, ||. One of the key points of all existing proposals is the 
availability of extremely high luminosities. These would lead to an experimental accuracy 
for standard four fermion processes (i.e, l + l~ — > //) comparable with that obtained at 
the Z peak, thus allowing high precision tests of electroweak models at one loop to be 
performed in the same spirit. 

On the theoretical side, the possibility that such extremely precise measurements are 
performed requires imperatively the existence of suitable computational programs that 
are able to provide numerical predictions of comparable accuracy, both for the Standard 
Model case and, possibly, for electroweak models of different origin. For LEP2 Physics 
such programs already exist at the one loop level for the SM|| and, at least in principle, 
their extrapolation to higher energies should be conceivable. There are though, in our 
opinion, at least two points that deserve special attention in this respect. 

The first one is the importance of understanding the role of the several terms that 
contribute the various observables when the energy becomes very large. At the Z peak, 
the most spectacular one loop effects were provided by fermion contributions to gauge 
boson self-energies (the Higgs effect is notoriously || screened), with the exception of the 
significant contribution due to the celebrated Zbb vertex||. When the energy increases 
and moves towards the 1 TeV region, this fermion dominance is apparently weakened, 
and bosonic effects of vertex and particularly of box type appear to rise, as first stressed in 
a previous paper ||. To confirm this rise and to understand in a simple way its physical 
origin would be, in our opinion, an important achievement both within the Standard 
Model framework and beyond it. 

The second point that it might be worth to examine is that of the reliability of a 
perturbative description at the one loop level when the energy becomes very large, say 
beyond the 1 TeV orientative value. In particular, a problem that might arise is that of 
having to perform a resummation that takes into account the higher order leading effects, 
like in the case of the running of olqed- In fact, it is well-known that this problem is present 
in QED and QCD diagrams when Sudakov logarithms of the type lnq 2 /fi 2 , ln 2 q 2 /n 2 (where 
■s/q 2 is the available energy and /x is the mass scale of the diagram) appear in vertices and 
boxes 0. In the Standard Model, logarithms of similar type (usually called "of Sudakov 
type") are also known to appear || £J. In reference || the leading asymptotic behavior 
growing like ln 2 q 2 /M^ vz was calculated for the relevant observables. The physical origin 
of these double logs was also discussed. In this paper we also calculate the subleading 
terms, growing like a single log lnq 2 /M^ z , where M\y,z are the physical gauge boson 
masses. If the relative contribution coming from these diagrams became large, typically 
beyond a "reasonable" percentage amont (that could also be quantitatively fixed by a 
knowledge of the requested theoretical accuracy), the necessity of a resummation would 
become stringent (and, to our knowledge, this study has not yet been performed). 

The aim of this paper is precisely that of discussing the two previous points. In par- 



ticular, we shall perform in Section 2 an explicit calculation of the coefficients of the 
three types of logarithms that dominate the large energy behaviour of the different one 
loop gauge-invariant combinations that make up all observables of the process. These are 
coming from the renormalization group (RG) running of the gauge couplings, and from 
the typically electroweak Sudakov-type effects. The first ones generate linear logarithms, 
the second ones linear and quadratic logarithms. As we shall show, the numerical size 
of the various Sudakov logarithms largely overwhelms that of the RG ones. Technically 
speaking, the main contribution turns out to be provided by diagrams with W bosons 
(those with a Z boson are relatively less important), more precisely by special combi- 
nations of the non universal components of vertices and boxes ("oblique" self-energies 
are only contributing the RG component). Thus, at very high energy, the relevance of 
"non-oblique" contributions appears essential, in opposition to the situation that is met 
at the Z peak. 

Having computed the various gauge-invariant combinations, we shall then evaluate in 
Section 3 the asymptotic expression of all the possible observables (i.e. cross sections and 
asymmetries). Here the reliability of the one loop expansion appears to depend critically 
on the cm. energy of the process. Typically, we find that, beyond a certain value that 
depends on the chosen observable, the separate gauge-invariant relative effects begin to 
cross the dangerous ten percent value (orientatively chosen as a realistic limit). This 
makes the validity of the approximation rather doubtful if the requested precision must 
be below the one percent level, and indicates the need of a proper resummation already 
in the TeV range. 

As a byproduct of our calculation, we shall propose in Section 4 a simple "effective" 
parametrization of all observables, aiming to provide a satisfactory approximation of the 
one loop component in the energy range between 1 TeV and a few TeV. We shall also 
compare this expression with the complete SM calculations in the region below 1 TeV and 
discuss its possible practical interest and its limitations in this not rigorously asymptotic 
regime, in the particular theoretical framework provided by the SM. A final discussion 
given in Section 5 will conclude the paper, and Appendix A,B will contain the analytic 
expressions of the most relevant one loop diagrams (self-energies, vertices and boxes) and 
the way they contribute to the various observables. 

2 Asymptotic expressions of the gauge- invariant rel- 
evant combinations at one loop. 

2.1 Preliminary discussion 

The starting point of our paper, that has been already illustrated in several previous 
references |5], [RJ, is the choice of a theoretical representation of four fermion neutral 



current processes, strictly valid at one loop, that uses as theoretical input in addition 
to the conventionally defined electric charge, the extremely high precision measurements 
performed on top of the Z resonance at LEP1/SLC. The consequences of this attitude, in 



which the usual parameter G^ is replaced by Z peak observables (this does not introduce 
any appreciable theoretical error ||10||), is that all the physical information for the process 



l + l~ — > f f (where / is either a charged lepton, in which case / = I, or a u, d, s, c, b quarkF], 
and for the moment all external fermions are supposed to be massless) is provided by four 
different functions of q 2 and 9 (the squared cm. energy and scattering angle). The first 
one is the "photonic form factor" A a jf(q 2 ,$) which is subtracted at q 2 = 0, whereas the 
three other ones, Rif{q 2 1 9) ) VZ (q 2 ,0) V l f" f (q 2 ,9) corresponding to the one loop ZZ, 7Z 
and Z'j transitions, are subtracted at q 2 = M§. All four functions are separately gauge 



independent, as discussed in reference |TU| on the basis of previous observations made by 



Degrassi and Sirlin [p| , [P2|| . These functions receive two types of one loop contributions: 
- universal (i.e. //-independent) ones, coming from fermionic and bosonic self-energies 
as well as from a part of some vertex diagrams; - - non-universal ones, coming from the 
remaining parts of the vertex diagrams and from the box diagrams. As we shall see in 
the next subsection, some universal contributions correspond to the running of a, g 2 z and 
s^y. The other contributions lead asymptotically to the " Sudakov-type" terms that we 
shall explicitely review in Appendix A. The way these four functions enter the various 
e + e~ — > ff observables will be shown in Sect. 3 and in Appendix B. 

2.2 RG contributions to the gauge- invariant combinations. 

Following our previous discussion, we shall first consider the contributions to A a , R, V 
from the class of diagrams that are supposed to reproduce the canonical RG asymptotic 
behaviour. In the R^ gauge in which we are working there will be no contributions from 
the (finite) boxes to this sector. A simple request will select the possible contributions 
from vertices. In fact, the various combinations that we consider are all, as we stressed 
several times, gauge- independent. But the contribution from self-energies is not such, 
owing to the set of bosonic "bubbles" that must be considered. Therefore extra terms 
from vertices must be properly added. Since self-energy contributions are of universal 
type, the same property must obtain for the selected vertices. In practice, this limits the 
choice to vertices where two W's are involved. Note that since we shall be working in the 
£ = 1 t'Hooft gauge, diagrams with would-be Goldstone bosons must not be neglected 
in all self-energies (in fact also, those with ghosts must be considered). In the universal 
component of the vertices, the would-be contribution vanishes (in practice, it must only 
be retained in the not universal component of vertices with final bb pairs). 

Our previous statement can be reformulated exactly using a previous definition that 



can be found in Ref.JT2[. In fact, it would be easy to show that the amount of WW 
vertices that must be added to the various self-energies is fully provided by the so-called 
"pinch" component [13|, and for more details we defer to that reference. Otherwise stated, 



the combinations of self-energies and "pinch" vertices that make up the RG behaviour 
in A a , R, V correspond rigorously to what was called "gauge- invariant self-energies" by 



x Note that our theoretical formalism cannot be applied in its present formulation to the production 
of tt pairs for the simple reason that the necessary LEP1/SLC information does not exist (ti cannot be 
produced). The study of this process requires modifications that are being studied. 



Degrassi and Sirlin f[lT[|,||T2|. 



In terms of Feynman diagrams, we must then consider the set represented in Figs. (1), (2). 
The full expression of the various self-energies and vertices of Figs. (1), (2) can be easily 
computed. One finds it in the Appendix of Ref.(6), and we shall not rewrite it here 
since several other new lengthy formulae will have to be written. From those expressions 
one derives in a straightforward way the universal (i.e. 6, //-independent) asymptotic 
behaviour of A a , R, V that read, for q 2 » /i 2 : 

ArV^)-^&v-2i]M4) (i) 

1Z7T 3 /i z 

tf-V, „ _ _^I| ( 20-40c* + 32e V + 1-2^-4** £ 
Atts z c z 9 o jj, z 
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-V lZ {q,9)--V Zl (q,9)-, 1 - T [( tf + __]l„(_) ( 3 ) 

In the previous equations, N is the number of fermion families, /i is a "reference" scale 
that will be chosen following practical arguments. In our special case, where a major 
part of the theoretical input is fixed at the Z mass, it seems rather natural to fix, cor- 
respondingly, the value \i = Mz- This sets the scale at which the asymptotic expression 
should become valid, q 2 » M z . Note that, in order to follow consistently this choice, we 
should replace the theoretical input a(0) with a(M z ), even in the photonic component. 
This does not introduce any substancial theoretical error, given the available accuracy 
of the (theoretical) determination of a(M§)[|14|]. Finally, choosing fi = Mz suggests also 
to identify the parameters s 2 , c 2 of eqs.(|l]-^|) with the experimentally measured quan- 
tities s 2 (M z ) and c 2 (M z ) for which we shall take, following the common attitude, the 
LEP1/SLD average |] 



s 2 (M z ) = 0.23157(18) (4) 

To verify that eqs.(|l]-|D do indeed reproduce the running of the various Standard 
Model couplings is now straightforward. The relevant expressions can be found in previous 



references e.g. |IJ. In order to make this discussion reasonably self-consistent we write 



the two following formulae: 

a^\q 2 ) = c^ G V)/{l - [^f^(f N - 21)]ln<L} (5) 

9 2(RG \ q 2 ) = SV)/{1 + [^(43 - 8N)}ln^} (6) 

907T Z /i Z 

where /i is the arbitrary reference scale. To derive the corresponding expressions for g z , 
sf is immediate using the corresponding definitions (s 2 = ^, g z 



9" JZj \-sl> 



One can thus realize that the RG running of R(q 2 ,8) is that of g\ and that of 
V^ z (g 2 , 9) is exactly that of sin 2 9w as implied by the definitions of refs.jlO], [II] i.e. 



%z 



with 



g$(q 2 ,9) = I 3L -2Q l s 2 (q 2 ,9) (7) 



s 2 (q 2 ,9) = sin 2 9 Wfi + scF, z , lf (q 2 , 9) = s 2 (M 2 z )[l + -V l } z (q 2 ,9)] (8) 

s 

We have therefore derived the universal RG component of the gauge invariant functions 
A a , R, V that leads to an asymptotic (linear) logarithmic behaviour. From a formal 
point of view, the existence of these components is due to the ultraviolet divergence of 
the generating Feynman diagrams (this is, of course, cancelled in the physical subtracted 
combinations). In fact, the coefficients of the logarithmic terms Inq 2 are exactly the same 
(with opposite sign) as those of the divergent terms oc l/(d — 4) in the various diagrams. 
When we turn to the task of evaluating other possible asymptotic logarithmic contri- 
butions, we expect that these will actually be produced by ultraviolet finite quantities, 
more precisely by non universal vertices and boxes, as it will be discussed in the following 
Section (2.3). 

2.3 Sudakov-type contributions to the gauge- invariant combi- 
nations. 

From the previous discussion we have learned that the set of one loop contributions 
that have not been considered yet must be ultraviolet finite. This simple statement 
already enables us to write the list of the remaining quantities, that with our choice of 
£ = 1 gauge must be either vertices or boxes. More precisely, we shall find here (a) the 
"non pinch" component of the vertices with two Ws where the pure non RG behaviour 
survives, Fig. (2); (b) vertices with one W or Z exchange, Fig. (3); and (c) boxes, Fig. (4). 
Before performing the explicit calculation of the asymptotic behaviour of the diagrams 
represented in Figs. (2-4), a brief preliminary discussion is now suited. 

Infrared (IR) divergences arise in perturbative calculations from regions of integration 
over the momentum k where k is small compared to the typical scales of the process. 
This is a well known fact in QED for instance, where the problem of an unphysical 
divergence is solved by giving the photon a fictitious mass which acts as a cutoff for 
the IR divergent integral. When real (bremsstrahlung) and virtual contributions are 
summed, the dependence on this mass cancels and the final result is finite. The (double) 
logarithms coming from these contributions are large and, growing with the scale, can 
spoil perturbation theory and need to be resummed. They are usually called Sudakov 
double logarithms 0. In the case of electroweak corrections, similar logarithms arise 
when the typical scale of the process considered is much larger than the mass of the 
particles running in the loops, typically the W(Z) mass ||. The expansion parameter 
results then j^zln 2 ^?-, which is already 10 % for for energies ^fq 2 of the order of 1 TeV. 



L w 



This kind of corrections becomes therefore particularly relevant for next generation of 
linear colliders (LC @). In the case of corrections coming from loops with W(Z)s, there 
is no equivalent of "bremsstrahlung" like in QED or QCD: the W(Z), unlike the photon 
and the gluon, has a definite nonzero mass and is experimentally detected like a separate 
particle. In this way the full dependence on the W(Z) mass is retained in the corrections. 
In conclusion, for the process that we consider here i.e. l + l~ — > ff in the limit of 
massless external fermions at the one loop level, we expect three kinds of contributions 
to become "large" in the asymptotic q 2 » M^ z region: 

• Single logs: (ln-^) coming from U.V. divergences which can be reabsorbed by run- 
ning of bare parameters. 

• Single logs (ln—£ — ) coming from the analogue of QED collinear divergencies. 

m z,w 

• Double logs (Zn 2 — ^ — ) coming from the analogue of QED divergences that are of IR 

m z,w 

and collinear origin. 

The double log contributions come from vertex corrections in which one gauge boson 
is exchanged and from (direct and crossed) boxes with two Zs or two Ws. The single 
collinear logs come also from vertex and box diagrams. The single U.V. logs affect self 
energies and vertex. 

Let us consider 7 (Z) f f vertices first. Using the definition 

r;, ( / z) = %(pib„(v;f } p l + < z) p R )u f (p 2 ) with p l ,r = 1 -^ (9) 

we make an asymptotic expansion of the various vertices. Subtracting the "RG divergent 
component" of the vertices that has been discussed previously, we obtain: 

V] L = igsQf(-^- 2 9 ^g 2 fL F[m z ]- (10) 



1 g*Q r „r , l/s 



and 



16^ 2 Q, F ^ ~ 16^ f, GM (U) 

V] R = igsQ^-^l-lg^Flm,]) (12) 

V/l = ^(^^!JlFN- (13) 

16^^ 2 g fL 16vt 2 g fL 

y)Z _ 9 „ / 1 9 2 n2 

v fR 



■z _ ,9 „ i 1 g 2 - 



where 



-9fR(-J^^9f R F[m z ]) (15) 

F[m] = -4 IvS- + ln 2 ^-; G[m] = -4 IvS- (16) 

m l m 2 m 2 



Here / is the external fermion and /' its isospin partner. Moreover, gf(f)R = ~Qf(f) s2 
and g f (f>) L = T( U ) - Qf(f)S 2 and Q f - Q f , = 2T 3/ , T 3/ = -T 3/ ,. 

For the boxes, defining 

vi{pi)i^Pl,rUi{p2) Uf(p^^P L:R v f (p A ) = P LjR ® P LiR (17) 

we have computed the corrections from direct and crossed box diagrams as a sum of 
projected amplitudes on the left-right chiral basis: 

Af%, P L ®P L + Af% t P L ® Pr + 
KZf Pr®Pl + A*™ f P R ® P R 

(projecting on the "photon", "Z" Lorentz structures is then straightforward). 
For the various components we find the following asymptotic expansions: 



->K:,' = T^f+^j^jD* (18) 



\Bn.r _ a e JJW 

4vrs 4 f n-.s'r 1 

2 

\Box _ a e r„2 „2 i n z 



^/ = ^ifeU^ (19) 



2 
[Bra __ Q e r 2 „2 l n^ 



4S/ = ^[9tn9J L ]D* (20) 

^/ = ^f R 9}n)D Z (21) 



where the functions that appear above are: 



D* = -±ln^- W- C ° Sd ln- q2 



^ " 2q* M*y q 2 2 M 2 , 

nil/ l , 2 V 2 1 , 1 + cos^ g 2 



D* = l/n 1 + COS ^4 (23) 

q 2 1-cosfl M| V ; 



Eqns. (|T0| - p3D are the main results of this paper. They contain in a compact form the lead- 
ing asymptotic Sudakov-type (double and single log) contributions. Using the procedure 
given in |nj it is now straightforward to compute the corresponding contributions to the 



four gauge-invariant combinations, that also depend on the chosen final fermion. These 
are written in the complete form that is given in Appendix A. For the practical purposes 
of our paper we shall now write the numerical expressions of A a , R, V that are obtained 
by summing the RG contributions of eqs.(|T|-|3]) to those given in the Appendix A. Taking 
the value of s 2 given in eq.(|) leads to the following result: 



^a,lM 2 



^^{(-7.00 + 10.67) ln^ + 6.00 ln 2 -^ 2 



4tt 



+2.10 In 



M\ 



0.70 In 



2? 



Ml 



F M^ 



+ 



-2.00 In 2 q 



2 , 1 — cos9 i q 2 t , 1 + cos#, g 2 , 
- 4.00 /n /n^V + 0.49 In— -ln-^} 



M 2 W 



"M 2 W 



"1 + cosO"" Mi- 



(24) 



RiM 2 i { 



^^{23.73 - 15.28) In?- - 6.96 ln\- - 4.32 /n 2 ^ 

4vr /i 2 ' '-'- 



"M 2 , 



^ 



-2.13 Zn- 



Mf 



+ 0.71/n 2g 



Ml 



6.6 ! /n 2 ^ + 13.27/^-^^4 - 0.03 ^ + ^%4 ]} 



M^ 



'M 2 W 



I + cos6 Mf 



(25) 



VWsV) = V z ^(q 2 ,e) -,^4(13.10 - 3.63)//,^- 7.37///. 



-0.35 Zn 



M 2 



47T 

+ 0.12/n 2 g 



/^ 



^ 



1.19 in 



2 <f 



Ml 



3.64 /n 2 ^ + 7.29 In 1 - ^ In^ - 0.12 f w 1 + 008 ^ ]} 

2 M T i 1 ' -••" "-' J ' 



M^ 



cos6> Mf J 



M^ 



(26) 



A a ,/ n (g 2 , i 



a(/x 2 

47T 



-{(-7.00 + 10.67) ln^ + 5.00 /n-^- + 0.33 /n 2 -^ 



i— 



' w 



w 



-1.95 Zn- 



M 2 



0.65 /n 



2« 



M 2 



+ 



[-2.00 In 



2 9 



M^ 



, 1 + cose i q 2 
4.00 In In H 



M 2 W 



1 + cose q 2 

0.63 In- Tf-n-rr-^A \ 

1 + cose M 2 z ls 



(27) 



RIu(Q 5 



^^{23.73 - 15.28) ln%- - 7.96 Zn-V - 3.99 ln 2 ^- 

47T ;U 2 ' ' ' ' 



"M£, 



M£, 



-2.59 /n- 



Mf 



+ 0.86/n 2 g 



Ml 



6.64^i + 13.27/nl±^n> 



M 2 W 



(]mn i + cose ln f_ ]} 



M^ ' ""~l + cos0"~M- z 



(28) 



^ 7 z,ju(g 2 ,e) 






n (/< -{(13.15 - 3.63) /n^- - 5.55 /n- g 

/i 2 



-1.00 Zn- 



g 



Ml 



47T 

+ 0.33/n 2 g 



^ 



1.79 In 



2 9 



Mf 



+ 



, n a 2 „ , 1 + cosO, q 2 , l + cos0, <7 2 ., 
3.64 /n 2 -V + 7.29 Zn In-^-r- + 0.63 in Jn^—}} 

A/TZ O S iTZ 1 i „„„/] S /fi J J 



^ 



^ 



l + cos# M 2 



^ 



(29) 



VW? 2 ,*) 



^a,ld(l 2 



^-4(13.15 - 3.63) In?- - 7.92 InJpr - 1.00 Zn 2 -^ 



,2 



"M 2 W 



M 2 W 



-0.87 In-i + 0.29 ln 2 -?~r + 



"MI 



Mf 



[ 3.64 In 2 ^ + 7.29 In^^-ln^ + 0.16 f w 1 + C08 ^ ]> 

L A/TZ r, A /TZ 1 i „„„/) A/TZ>J 



M 2 W 



'M 2 W 



1 + cos6» M| J 



(30) 



47T 



-{(-7.00 + 10.67) ln^ + 4.00 In-?— + 0.67 Zn 2 g 

' IVl i 



/' z 



1 H/ 



M^ 



-1.60 IrJ-sr - 0.53 ^n 2 ^r + 

M 2 M 2 

[-2.00 /n 2 i - 4.00 ^"^V t- + 0.77 In^i} 



M 2 W 



"M 2 W 



1 + cos# Mf 



(31) 



#w(<? 2 , ' 



^— ^-{(23.73 - 15.28) In?- - 8.96 InJ-^- - 3.65 /n 2 — 

4vr /x 2 ' '- ' ' 



~M 2 W 



M 2 W 



2 2 

-3.64/ni+1.21/n 2 Q 



M 2 



M 2 



C.G ! /n 2 4^+ 13.27 Zn 1 = f^ /njt - 0.29 Zn ? + C ° S % -^]} 



M^ 
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a Wr /1Q1c o«QW^ 2 o^iQ 2 nAnl„Q 



V lZ , ld {q\ 0) ^^{(13.15 - 3.63) ln\ - 3.73 /n-^ - 2.40 In- 

-0.91/^ + 0.30/.^ + 

[ 3.64 /n^ + 7.29 /nl^^/n^ - 1. 15 /ni±^/n4] } 
1 M^ 2 M$y l + cos6 M| JJ 



VW? 2 ,#) - ^!{(13.15-3.63)/n4-8.47/n-^-0.82/n 2 T 



(33) 



4vr u • ' ; /i 2 ' M^ ' M& 

-1.62/^+0.54/n^ + 

,2 1 ™„/3 „2 i i „„„/) „2 



^ + 7.29 Ir^-^irX- - 0.19 iri + f^^ 
M 2 , 2 M 2 , l + cos9 M z 



3.0 I //r^ + 7.29 /n——/^ - 0.19 /n^— -/n-^-]} 

(34) 



We have left three scale parameteres /i, M^, M^ to evidentiate the different origin (RGEs, 
W diagrams, Z diagrams) of the various contributions. In the first two lines of each ex- 
pression there are the contributions coming from bubbles and vertices. In the RGE part of 
them, the contributions of fermionic and bosonic degrees of freedom are left separated. In 
practice for numerical estimates we set /x = Mz = 91.187 GeV. Finally, the contributions 
from the WW and ZZ box diagrams are systematically grupped in the last three terms 
inside the square brackets. 

Eqs. fl2~4] - |3"4D allow us to derive the leading asymptotic behaviour of all the relevant 
observables (i.e. cross sections and asymmetries) of the considered four-fermion process. 
This will be done in the following Section. 

3 Asymptotic expression of the physical observables 

Starting from eqs. ( ^4] - ^ ) it is now straightforward to derive the asymptotic behaviour of 
any given observable. In order to proceed in a systematic way, we shall start from the 
very general formula: 

^^^g^^l+co^Kl-PPO^i+CP'-^^il+^co^Kl-PPOC/is+^'-P)^]} 

acoso 6 o 4 

(35) 
where the quantities Uij are defined in terms of A^, R^ l ^\ K// , V^l in Appendix 
B, P, P' are the (conventionally defined) longitudinal polarization degree of the initial 
lepton and antilepton, and A// is the colour factor for the // channel which includes the 
appropriate QCD corrections to the input. 

11 



From the previous equation, and from eqs.(^4-34), we can now derive the asymptotic 
expansion of the relevant observables. We shall first consider the case of unpolarized 
beams and concentrate our attention on a set of "typical" observables that one expects 
to measure at future colliders. These will be: the cross section for muon (and/or tau) 
production a M , the related forward-backward asymmetry Afb,h and the cross section for 
"light" u, d, s, c, b production a 5 . 

As we anticipated in the Introduction, we shall treat quark production in the massless 
quark limit. This will introduce a certain approximation in the treatment of the cross sec- 
tion for b production 07, where the effects of the non vanishing top mass in the asymptotic 
regime must be carefully estimated. Since the contribution of <j\> to a 5 is relatively small, 
we shall not treat this extra effect in this paper. We shall rather postpone a complete 
rigorous discussion of m t effects to a forthcoming article. 

Collecting all our numerical formulae leads to the final asymptotic expressions of the 
previous observables, that read (N = 3 is the number of fermion families and ft 2 = M§ 

M 2 w y. 



r-^/ 



ay, = a ;[l + — {(7. 72 iV- 20.58)^+ 35.27 /n-^- 4.59 /n 2 



4vr LV ' ''{J?'' M 2 , ' M 2 W 

+4.79^-1.43^ + }] (36) 

Z Z 



ji „i 



\L> ' r/n u Ar c c\c\\ ;„5 ifimi„ " n no 7„2 _V 

w 



A FBtti = Af B41 + — {(0.54 N- 5.90) ln^+ 10.19 In-^- 0.08 In 



4tt lv ^ V 2 M^ M, 



T n™,i. 2? 



-1.25/^- 0.004 /n^+ } (37) 

Z Zj 



Oi Q Q Q 

rB\-\ i ffCi qq AT An nn\ 7_ ^ i ^ COL ^ a OH /^2 *i 



a 5 = af[l+— {(9.887V -42.66) ln-^ + 46.58 In-^-- 6.30 In 2 



4tt lv ' ■ J fi 2 Ml ' Ml 

+7.25 lnS= - 2.03 In 2 -^- + }] 



'M% ' M\ 



(38) 



The precise definition of the "Born" (B) quantities that appear in these equations 
will be given in the forthcoming section. The dots that appear in the brackets refer to 
the " non- leading" terms. These could either be constants or 0(-\) components whose 
asymptotic effect vanishes. At non asymptotic energies, such terms (in particular the 
constants) should be discussed; we shall return on this point in the following Section. 

Next, we have considered the simplest case of full lepton longitudinal polarization and 
treated one simple observable: the longitudinal polarization asymmetry for final lepton 
production, Alr^- Using the same procedure leads to the following expressions 
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B a f/i oi h in nr>\ 1^ i an t« ;~, Q q co 7~,2 9 



^W = Af^ + 4^(1-82 N- 19.79) Zn^ + 30.76 in^ - 3.52 fa 2 



w 

0M "w z - 0A7, " 2 w z + } - (39) 



where the "Born" asymmetry will be defined later on. 

Eqs. (|36| - |39D are the physical predictions of this paper. Looking at their expressions 
one immediately notices the following main features: 

a) The coefficient of the RG linear logarithm is much smaller than that of the Sudakov 
one. A naive expectation of an asymptotic behaviour essentially reproduced by the RG 
logarithms would be therefore, at this stage, completely wrong. In other words, the high 
energy behaviour of SM observables is only partially reabsorbed by the running of the 
coupling constants. 

b) The role of the Sudakov squared logarithm is numerically relevant in almost all the 
considered observables, with the exception of the muon asymmetry where it almost van- 
ishes. 

c) Both the linear and the quadratic logarithmic terms are, separately taken, relatively 
"large". However, at the considered one loop level, they have opposite sign and the overall 
contribution is smaller. This raises a few important questions that we shall try now to 
investigate. 

The first question is that of whether the various logarithmic terms have separately a 
physical meaning. In our opinion, at the considered one loop level, this must be evidently 
the case. In fact, since the overall expansion is necessarily gauge- independent, the different 
powers of the logarithm must satisfy the same request (note that this applies, in general, 
to the sum of the separate contributions from vertices and boxes). A priori, one expects 
that a gauge-independent quantity might (should) have a physical meaning. For the RG 
component, this is connected with the running of the couplings. For the remaining terms, 
their origin is related, as we have seen previously, to the fact that a final state W is 
supposed to be experimentally detectable. 

The second question is that of the reliability of the one loop perturturbative elec- 
troweak corrections to the considered observables. This is fixed by the aimed theoretical 
accuracy, which in turn is dictated by the expected experimental precision. For the future 
l + l~ colliders we shall stick to a conservative expectation of about 1 % experimental (rel- 
ative) accuracy. In this spirit, we shall assume a "reliability bareer" for one loop effects at 
the relative 10% level; of course, these numbers can be easily changed without modifying 
the philosophy of the approach. Having fixed the accuracy level, we can proceed following 
two different criteria. The first one is a global one: if the total 0(a(fj,)/ir) correction re- 
mains below the ten percent threshold, we can consider the perturbative expansion to be 
under control and the one loop approximation to be a satisfactory one. The second point 
of view, the most correct in our opinion, is that in which one requires that all the different 
logarhitmic effects individually satisfy the previous 10 % criterium. Starting from these 
requirements, we have therefore examined how the relative size of the various components 
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in the considered observables varies with energy, in a energy range where our asymptotic 
expansion might be reasonably accurate. Naively we would expect that this corresponds 
orientatively to energies of about 1 TeV and beyond. In fact, we have verified by an exact 
one loop numerical calculation of the various observables, where all the contributions from 
the various diagrams are retained without approximation, that the rigorous expressions 
are reproduced by our asymptotic expansions within a few percent at most, in the energy 
range between 1 TeV and 10 TeV (larger energy values seem to us not realistic). We can 
therefore reasonably conclude that, in this energy range, Eqs. (|36|-|38|) contain the bulk of 



the one loop electroweak corrections, and can be used for a meaningful discussion of the 
size of the various effects. 

The results of our analysis are shown in Figs. 5-8. As one sees from inspection of these 
figures, the situation is quite different for the two criteria and for the various observables. 
To be more precise, we list the various cases separately: 

a) a M . Here the global relative effect remains below the 10 % limit in the full range 
1 TeV < \Jq* < 10 TeV. However, the individual Sudakov components both cross the 
"safety limit" practically in the full range. 

b) 05. Here the global relative effect rises beyond the "safety limit" at energies larger 
than 4 TeV. The separate Sudakov contributions are over the limit in the full considered 
range. 

c) ApB,ti- Here the global relative effects remain always below the limit. The linear 
Sudakov crosses the limit at about 3 TeV (the quadratic one is almost absent in this case) 

d) Alr,h- In principle, both global and individual relative effects are systematically 
well beyond the ten percent limit in the full range. A word of caution is, though, suited 
since for this special observable the Born approximation is particularly small (~ 0.07). 
Moreover, the most important one loop effects are produced by W diagrams, that only 
contribute to the lefthanded cross section and generate therefore particularly large effects 
in this observable. 

The conclusion of this preliminary investigation is that, in the considered energy range 
beyond 1 TeV, the validity of the one loop SM electroweak expansion is debatable. The 
necessity of a two loop calculation, leading if possible to a resummation af Sudakov effects, 
appears to us strongly motivated. 

Having examined the situation that occurs in the region beyond 1 TeV, we want 
now to turn our attention to the energy region below. Here an asymptotic expansion is 
certainly less justified. We shall discuss the emerging picture in next Section. 

4 A simple formula for cross sections and asymme- 
tries below 1 TeV 

In the previous sections we have derived a one loop asymptotic expansion for various 
observables and we have explicitly shown in Section 3 that in the energy range beyond 
1 TeV, where the expansion is able to describe well the one loop corrections, the reliability 
of the one loop approximation is not evident. These conclusions would be particularly 
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relevant for a possible future muon collider, operating in a energy region of a few TeV. 
On the other hand, the simplicity and the well established physical interpretation of the 
various terms of the expansion pushes us to investigate the possibility of using them in the 
energy range below 1 TeV, where, in principle, the validity of an asymptotic expansion 
is not guaranteed. In particular, we are interested in simple formulas that describe cross 
sections and asymmetries e.g. in the energy range 300 GeV < yq 2 < 1 TeV, where 
the future linear colliders (LC) will be operating at an energy that we assume to be of 
500 GeV. For what concerns the experiment accuracy, we shall stick to the previous 
conservative assumption of a one percent precision, which is rather pessimistic compared 
to the latest expectations |l[. 

Our empirical procedure has been the following. We have first plotted the exact SM 
predictions for a M and Afb,h in the considered energy region (a full discussion of cr 5 , 
that requires a rigorous calculation of the top effects will be given in the annunciated 
following paper). The calculation has been made using the program TOPAZ0 ||Q. We 
have then compared the TOPAZ0 one loop results with those of the simple asymptotic 
expansion eqns. ( |3T)| - P^| ). A priori, we expect that "some" modifications of our formulae 
are unavoidably requested. 

The results of our first comparison are shown in Fig. 9. As one sees, the difference 
between the full calculation and the logarithmic approximation remains impressively prac- 
tically constant in the whole considered energy range. This (in our opinion) remarkable 
fact allows to conclude that the simplest modification of the logarithmic expansion ob- 
tained by adding a constant term, seems sufficient to obtain a very accurate agreement. 

For the two observables we therefore write 



a 



a 






1 + — (c„ + logarithms)) (40) 



A FB = Ap B + —{c FB + logarithms) (41) 

An 



where, "logarithms" stands for the logarithmic terms of eqs. (|36[- p8|) and where in agree- 
ment with our overall philosophy, erf and Ap B are the Born level expressions in which we 
have set a = a(M z ). They are obtained , in a straightforward way from the expressions 
given in eq.( B.2| - B.5|) , putting all 1-loop terms A a jf, Rif , Vyzjf, Vzy,if equal to zero and 
replacing a(0) by a(M|). In the case of the leptonic cross section we used 

^ = <^" + <^* + <^" = ^^+ (42) 

r n 2 _ M 2 ~2 y 2 n 2 



M z (q 2 - M 2 Z ) 2 + r|M| 1+vf M 2 (q 2 - M 2 ) 2 + T|M| 

with vi — 1 — 4s 2 (M z ). For the forward-backward asymmetry we write 



, B _ a FB,fi 



A fb,» = -^f (43) 



l FB,n - B 



We thank G. Passarino for kindly providing us with the numerical data. 
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with 



B _ B,-yZ . B,ZZ 



°FB,» = °FB,u + a FB, u = (44) 



r2 , T M g 2 -Mf 1 , oa VI g 2 v* 



67ra(M 2 z ) -f- — f-^- -^ — 2 — — 5 + 36vr- 



r,2A2 



M z (g 2 - M|) 2 + r|M| 1 + £ 2 M| (g 2 - M 2 ) 2 + T|M| (1 + € 

The choice of the constants is, to some extent, arbitrary. We have followed the rather 
pragmatic attitude of optimizing our approximation in the 500 GeV region (LC domain). 
This fixes the values [|i~7 |: 



CjU = -53.87, c FB = -20.82 (45) 

The comparison of our simple effective expressions Eqs. (p6|-44) with TOPAZ0 are 
shown again in Fig. 9. As one sees, between 300 GeV and 1 TeV, the difference between 
the two calculations is at the permille level for both the considered observables. Therefore, 
our approximate expressions could be safely used to perform, e.g. preliminary analyses 
of possible effects of competitor electroweak models 0. 

As a final comment, we would like to notice that the fact that an asymptotic formula 
well describes the behavior of the exact corrections in a (relatively) low energy range can 
be due to the the absence of structure like resonances in that region( in our analysis we 
have ignored the small peak at the ti production threshold which is negligible in any case 
for the considered observables). 

5 Conclusions 

In this paper we have determined the energy growing electroweak logarithms of RG(UV) 
and Sudakov(IR) origin that appear in the asymptotic expansions of four (massless) 
fermions processes. We have shown that (linear and quadratic) Sudakov-type logarithms 
are numerically much more important than RG-driven logarithms in the TeV region. 
Moreover, although the overall effect on the observables are of the order of a few per- 
cent, the single contributions are of the 10% order in this region. This supports the idea 
that next order calculations and/or resummations are needed. On the other hand, our 
simple one loop expansions might reveal to be unexpectedly useful in the energy region 
below 1 TeV, since the correct energy dependence of the observables seems to be properly 
described. 

The fact that a satisfactory description of electroweak corrections at asymptotic ener- 
gies requires more complicated descriptions beyond the "naive" one loop approximation 



3 The simplest example would be provided by a class of models with anomalous triple gauge couplings 
(AGC) |p|. Here, the effect of the models is that of introducing linear terms of the type q 2 /A 2 19 1, 



thus changing the energy dependence of the observables as a function of the AGC parameters. Another 
application could be one that requires integration over a certain fraction of the energy range involving 
the product of the cross section by known weight functions, like those encountered when computing QED 
convolution. This could be performed in a rather economical way. 
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would not be, in our opinion, a surprising feature for a gauge theory. For QED and QCD 
similar problems of higher order calculations and resummation have been notoriously al- 
ready preformed. Our personal impression is that a proper description of the genuine 
electroweak sector of the SM at the future relevant energies in the TeV region requires 
an analogous remarkable effort. 
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Appendix A: Sudakov-type contributions 

Final fermions f ^ b 



a -~ - — <? a f X , om 2 9 2 , «( 2 - vf - «/)r Q . g 2 , 2 g 2 



A £/(^) - 7-[6-^-2^]/n-V + — (^ + 2^n--V+ - ' ^ ln^-ln 2 



V yH ' ; 4tt [ u dJ M 2 , ^ 12vr v " " d; M 2 , ^ 647rs 2 c 2 L Mf M| J 

" r/1 2\/i 2\/i g 2 ; 1 + COS^xn 

2567rg /S 4 c 4[V lJK /A M| 1 + cos^ J 

(A.l) 



2, ( ?V,0) - -^f2c 2 -5,„-(l-i^-(l-^l/n4- 2 



« rr /, S \r /, 2S 2 . . „ 2 g 2 



a(2 + 3*; 2 + 3*; 2 ) g 2 g 2 



64tts 2 c 2 l Mf Mf J 



ac 2 r 2 g 2 nr g 2 , l-cos9..^ ,, , ? 2 nl q 2 , l + cos#.. rn 



2vr S 2LV M 2 , M 2 , 2 7V ^ ay v M 2 , M 2 , 



a , , g 2 , 1 + cos# n 

+/ ^2^v [ ^^ /n Ml /n TT^ ] 



(A.2) 



^%(<zV) - ^([3-12c 2 + 2c 2 ( < 5 tt + 2^)]/n-^-[l+^ 2 ( ( 5 M + 2 ( 5 rf )]/n 2 ^ 2 



'W ' "' 87r« u ° "" ^ ~ KUU ^ ^'"i; llT ? KUU ^ "W M 2 W > 



l av l (l-v 2 ) + a\Q f \v f][3l f_ ln2 g 2 



128vrs 3 c 3 8ttsc JL M| ' Mf J 



Qc r/ , 2 <7 2 ^, ? 2 i 1 — cos0 wc . r , ,, ,? 2 „, g 2 , 1 + cos^..,. 



2tt S lv M 2 , M 2 , ■ 2 7V " a; v M 2 , M 2 W 



a 2 g 2 1 + 005^ 
+J3f — — t> f (l — f, )m — 5-n 



(A.3) 
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V, 



a no ,oJ o„2/r om, J 2 n 2 ^ , or mi„2 9 



o7TC5 IVl-iir o 



2 



a. /( l-. ? ) +S|3;r y_ /n2 , 2 



l 128tt | Q/ 1 s 3 c 3 8ttsc jl Mf M| j 

0:0 r/, 2 <? 2 n , Q 2 i l — cos9. .. r . ., 2 g 2 nl (f ! l + cos9.. c 

a 2 . g 2 1 + cos# 



a 2 g- i + cosp 

327rg /S 3 c 3L V V M\ l + cosO* 



(A.4) 



where 5 M)U) <2 — 1 for f — /i,u,d and otherwise and v\ = 1 — 4 s 2 , Vf = 1 — 4 |Q/| s 2 . 

In each of the above equations, we have successively added the contributions coming 
from triangles containing one or two W, triangles containing one Z, from WW box and 
finally from ZZ box. 
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Appendix B: Contributions to the various observables 

The general expression of the l + l~ — > // cross section can be written as 

(B.l) 



dcosO 


3 JV/y V J 


where 




£/n = 


a 2 (0)Q} 



[1 + 2A^a(q 2 , 
+2[o(0)|Q/|] 



g 2 -Mf r 3r, 11/2r 3I> 1 1/2 t?^ 



g 2 ((g 2 -M|) 2 + M|r|) L M z J L JV / M Z J (1 + v 2 y/ 2 (l + v 2 ) 1 / 2 



Vi ' v f 

\-M z \ W f M z ) 



(g 2 - M 2 ) 2 + M 2 r| 
x 



[1 - 2pW)(g 2 , 6) - 8siCJ {-A_^ (g 2 > e) + mLyWtf, 6 )}] (B.2) 



^= 2["(0)IQ/1] ^5 t^f 1 „ 2 ,^ [^] 1/2 [#^] 1/2 



g 2 ((g 2 -M|) 2 + M|r|) L M z J W)M Z J (l+u, 2 )V2(i + £j2)i/2 

x[l + A< v >a(g 2 ,0)-.R< v V,0)] 

r am r 3r / i 

lM z lW f M z l r AviVf . 



(g 2 -M 2 ) 2 + M 2 r| L (l + ^ 2 )(l+^ 2 ) 



x [1 - 2P(W(g 2 , 0) - 4 S/Q {l\/ 7 ( f (g 2 , 5) + H^V^\q\ 9)}] (B.3) 

f i r v f 



Y((g 2 -M 2 ) 2 + M 2 r|) L M z J L A/}M Z J (l+v?y/ 2 (l + vj) 1 / 2 



[1 + A(%( 9 2 , 61) - P^(g 2 , 61) - ^^<V, 



1- 3^ 1 r 3F f i 

Lm z JU/>m z J r 2u/ 
(g 2 -M 2 ) 2 + M 2 r| [ (l + i) 2 ) J 

x [1 - 2 pW)(g 2 , 6) - 4s lCl {lv« z f \ q 2 , 6) + ™iMvg?tf, 61)}] (B.4) 

u 22 = 2[a(0)\ Qf \] q2 ~ Ml r 3r, 1/2r sr, 11/2 * 



g 2 ((g 2 -M|) 2 + M 2 r|) L M z J 7V/M Z J (l+u, 2 )V2(i + £2)1/2 
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x [1 + ma{q\ 6) - R^(q 2 , 9) - ^^(g 2 )] 
r STn r 31"/ i 

lM Z 'WfM Z > r 2t>j 



vi 7Z 



x [1 - 2fl<"V, (9) - 4^-^l^V, (?) + ^< V, (9)}] (B.5) 



Here P, P' are the longitudinal polarization degree of the initial lepton and antilepton, 
and A// is the colour factor for the // channel which includes the appropriate QCD 
corrections to the input. 
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Fig.l 

Figure 1: Self-energy diagrams for 7, Z gauge bosons. It must be understood that W or 
Z running inside the loop are accompagned by their corresponding Goldstones and ghosts 
states. 
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Fig.2 



Figure 2: WW triangle contribution to the 7 — //, Z — ff vertex. Here also the contri- 
bution of the corresponding Goldstones is to be added. 
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Fig.3 

Figure 3: Single W or Z exchange contribution to the 7 — //, Z 

the contribution of the corresponding Goldstone is to be added. 



// vertex. Here also 
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Fig.4 



Figure 4: WW and ZZ box contributions to e + e~ — ► //. In the WW case diagram (a) 
contributes for I^f = — |, whereas diagram (b) contributes for I%f = +|. In the ZZ case 
both diagrams contribute. 
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Figure 5: Logarithmic contributions to the asymptotic cross section a(e + e — > n + n ) 
from eq. (|36|) . 
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